Can the "brick wall" model present the same results 
in different coordinate representations? 
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• By using the 't Hooft's "brick wall" model and the Pauli-Villars regularization scheme we calculate 

the statistical-mechanical entropies arising from the quantum scalar field in different coordinate 
, settings, such as the Painleve and Lemaitre coordinates. At first glance, it seems that the entropies 

would be different from that in the standard Schwarzschild coordinate since the metrics in both 
the Painleve and Lemaitre coordinates do not possess the singularity at the event horizon as that 
in the Schwarzschild-like coordinate. However, after an exact calculation we find that, up to the 
subleading correction, the statistical-mechanical entropies in these coordinates are equivalent to 
that in the Schwarzschild-like coordinate. The result is not only valid for black holes and de Sitter 
spaces, but also for the case that the quantum field exerts back reaction on the gravitational field 
provided that the back reaction does not alter the symmetry of the spacetime. 
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O I. INTRODUCTION 

cr 

In quantum field theory, we can use a timelike Killing vector to define particle states. Therefore, in 
rr| static spacetimes we know that it is possible to define positive frequency modes by using the timelike 
Killing vector. However, in these spacetimes there could arise more than one timelike Killing vector which 
make the vacuum states inequivalent. This means that the concept of particles is not generally covariant 
in curve spacetime. 

Bekenstein and Hawking^ found that, by comparing black hole physics with thermodynamics and 
from the discovery of black hole evaporation, black hole entropy is proportional to the area of the event 
horizon. The discovery is one of the most profound in modern physics. However, the issue of the exact 
statistical origin of the black hole entropy has remained a challenging one. Recently, much effort has been 
concentrated on the problem Q -[30f. The "brick wall" model (BWM) proposed by 't Hooft ^lj is an 
extensively used way to calculate the entropy in a variety of black holes, black branes, de Sitter spaces, and 
anti-de Sitter spaces 0] -[HI- I n this model the Bekenstein-Hawking entropy of the black hole is identified 
with the statistical-mechanical entropy arising from a thermal bath of quantum fields propagating outside 
the event horizon. 

The concept of particles in quantum field theory is not generally covariant and depends on the coordinate 
representations. This leads to an interest question: can we get the same results for statistical-mechanical 
entropy of black holes in different coordinate representations, such as the Painleve and Lemaitre coordi- 
nates, by employing the BWM by making use of the wave modes in this model? At first sight, we might 
anticipate that the results are different since the wave modes obtained by using semiclassical techniques 
are the exact modes of the quantum system in the asymptotic region. Thus, if the asymptotic structures 
of the spacetime are different for any two coordinates, then the semiclassical wave modes associated with 
different coordinates will be different. The aim of this paper is to study this question carefully by applying 
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the BWM to two different coordinate representations of the general standard static black hole and studying 
the statistical-mechanical entropy. The two coordinate representations which we use are the stationary 
Painleve coordinate and the time dependent Lemaitre coordinate. In both Painleve and Lemaitre coordi- 
nates, the metrics have no coordinate singularity which are different from the standard Schwarzschild-likc 
coordinate. However, they both acquire singularity at the event horizon in the action function. Therefore, 
there could be particle production in these coordinates and hence we can use the knowledge of the wave 
modes of the quantum field in these coordinate settings to calculate the statistical-mechanical entropies. 

In order to compare the statistical-mechanical entropies obtained in this paper with the result for 
the standard Schwarzschild-like coordinate, we first introduce the expression of the entropy for the 
Schwarzschild-like coordinate in the following. In the BWM, in order to eliminate divergence which 
appears due to the infinite growth of the density of states close to the horizon, 't Hooft introduces a brick 
wall cutoff: a fixed boundary £/j near the event horizon within the quantum field does not propagate and 
the Dirichlet boundary condition was imposed on the boundary, i. e., wave function — for r = r(S^). 
However, Demers, Lafrance, and Myers J21| found, in the Pauli-Villars regulated theory, that 't Hooft's 
brick wall can be removed by introducing five regulator fields: 0i and 02, which are two anticommuting 
fields with mass mi = 777,2 = y/ fi 2 + m 2 (where \x represents the UV cutoff); 03 and 04, which are two 
commuting fields with mass 7773 = 7774 — \fi^ 2 + m 2 ; and 05, which is an anticommuting field with mass 
777.5 = v 4/i 2 + m 2 . Together with the original scalar field = 0o with mass m = mo these fields satisfy the 
two constraints Y^=o A^ = and X^=o ^m 2 = 0, where = +1 for the commuting fields, and = — 1 
for the anticommuting fields. By using the BWM and Pauli-Villars regulators, Demers, Lafrance and 
Myers [3lJ , and Solodukhin found that the statistical-mechanical entropy arising from the minimally 
coupled quantum scalar field in a general nonextreme static black hole 

ds 2 = -g(r)dt 2 + -^-dr 2 + R 2 (r)(d6 2 + sin 2 Odip 2 ) (1.1) 

(where g(r) is an arbitrary function of r. The event horizon is determined by g(r) = 0. And (dg(r)/dr)\ r+ ^ 
for the nonextreme black holes) can be expressed as 
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^A^nm 2 , (1.2) 

r + i=0 

where = J d9d(p[ yj /g0eg vv ] r+ is the area of the event horizon, 1Z is a scalar curvature of the spacetime. 
The statistical- mechanical entropy (|1.2|l obtained by this approach consists of two parts: the first part, after 
taking renormalization of the gravitational constant as jk- — 73^+ 157 Si=o ^i m i l nr7 i 2 > gives Bekenstein- 
Hawking entropy, and the second part can be considered as a quantum correction to the entropy of the 
black hole due to the quantum scalar field. 

The paper is organized as follows. In sec. II, the Painleve spacetime is introduced and the statistical- 
mechanical entropy arises from the quantum scalar field in the Painleve coordinate that is studied. In 
sec. Ill, the statistical-mechanical entropy due to the quantum scalar field in the Painleve coordinate is 
investigated. The summary and discussions are presented in sec. IV. 
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d 2 g(r) 
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1 dg(r) dR 2 (r) 
R 2 {r) dr dr 



II. STATISTICAL-MECHANICAL ENTROPY IN THE PAINLEVE COORDINATE 

We now investigate statistical-mechanical entropy that arises from the quantum scalar field in the 
Painleve coordinate system. The time coordinate transformation from the standard Schwarzschild-likc 
coordinate to the Painleve coordinate is 

t = t s + I y^^dr. (2.1) 

The radial and angular coordinates remain unchanged. With this choice, the line element (|1.1|) becomes 
ds 2 = -g(r)dt 2 + 2y/l - g{r)dtdr + dr 2 + R 2 (r){d9 2 + sin 2 9dip 2 ), (2.2) 

which is the Painleve coordinate representation. The coordinate has distinguishing features: (a) The 
spacetime is stationary but not static; (b) the constant-time surfaces is flat if R 2 (r) = r 2 ; And (c) there 
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is now no singularity at g(r) = 0. That is to say, the coordinate complies with the perspective of a free- 
falling observer, who is expected to experience nothing out of the ordinary upon passing through the event 
horizon. However, the event horizon manifests itself as a singularity in the expression for the semiclassical 
action. It is easily to prove that the inverse Hawking temperature 
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dr 



(2.3) 



is recovered in the Painleve coordinate by using the complex path technique |34| |35j . 

We now try to find an expression of the statistical-mechanical entropy due to the quantum scalar field 
in thermal equilibrium at temperature 1/(3 in the Painleve coordinate by suing the BWM. Using the WKB 
approximation with 



<f> = exp[—iEt + iW(r, 9, ip)], 



(2.4) 



and substituting the metric (|2.2|l into the Klein-Gordon equation of the scalar field <f> with mass m and 
nonminimal SJZcj) ( 72. is the scalar curvature of the spacetime) coupling 
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we find 
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\R 2 (r) R 2 (r) sin 2 9 
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(2.5) 



(2.6) 



where p r = d r W(r,9,ip), pg = dgW(r,9,<p), and p v = d v W(r,8,ip) are the momentum of the particles 
moving in r, 9, and tp, respectively. The sign ambiguity of the square root is related to the "out-going" (p+) 
or "in-going" (jp~) particle, respectively. If the scalar curvature 1Z takes a nonzero value at the horizon 
then this region can be approximated by some sort of constant curvature space. However, the exact result 
for such a black hole showed that the mass parameter in the solution enters only in the combination 
(m 2 — 7Z/6) [32] and then M 2 (r) — m 2 — (| — £)TZ in the equation (|2.6|) . In this paper our discussion 
is restricted to study minimally coupled (£ = 0) scalar fields since the main aim of this paper is to see 
whether the brick wall model can present the same result in different coordinates. 
The partition function is given by 



z =^2exp[-/3(E q )n q ], 

n, 

where q denotes a quantum state of the field with energy E q . The free energy is 
F = i J dp e J dp v J dn(E, p e ,p v ) ln{l - exp[-f3E}} 
dps I dp, [ n{E L Ps ^ dE 



(2.7) 
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dE 



(2.8) 



where n{E) = J dpg J dp v n(E , pg , p v ) presents the total number of the modes with energy less than E. In 
phase space the total number of modes with E is given by 



n(E) = - / dd 

77 ■' -lr + +h 
r-L 



dr I dpgdpt 



Pr - Pr 



^- + M 2 (r) 



(2.9) 



The integral is taken only over those values for which the square root exists. In Eq. H2.9|l we utilize the 
average of the radial momentum (the minus before the p~ is caused by a different direction). In this way, 
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the total number of modes is related to all kinds of particles. We checked that this definition can also be 
used for all previous corresponding works. Carrying out the integrations of the pg, p v , and r, we get 
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dr 



(2.10) 



(2.11) 



We now use the Pauli-Villars regularization scheme introduced in the preceding section. Since each of the 
scalar fields makes a contribution to the free energy, the total free energy can be expressed as 



/3F = J2^ A i F i- 



(2.12) 



Substituting Eqs. I|2.8|l and (|2.1U|) into Eq. 12.12f) and then taking the integration over E we have 
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J2^M 2 (r H ). 



r + i=0 



(2.13) 



Using the assumption that the scalar curvature 1Z at the horizon is much smaller than each rm and inserting 
free energy into the relation 
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we obtain the expression of the statistical-mechanical entropy due to a minimally coupled scalar held in 
the Painleve coordinates 
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(2.15) 



where A^ — J dipdd {^/geeg^p} = 47ri? 2 (r+) is the area of the event horizon. 

By the equivalence principle and the standard quantum held theory in flat space, to construct a vacuum 
state for the massless scalar field in the Painleve spacetime we should leave all the positive frequency 
modes empty. Kraus [3r| pointed out that for the metric l|2.2|) it is convenient to work along a curve 



dr + yjl-g(r)dt = 0, 



(2.16) 



then the condition is simply a positive frequency with respect to t near this curve. It is easy to prove 
that the modes used to calculate the entropy are essentially the same as that in the Schwarzschild-likc 
coordinates. Therefore, it is reasonable that the result (|2.15|l is exactly equal to entropy (|1.2fl . 



III. STATISTICAL-MECHANICAL ENTROPY IN THE LEMAITRE COORDINATE 



In this section we study statistical-mechanical entropy due to the quantum scalar held in the Lemaitre 
coordinates. The coordinates that transform from the Painleve coordinates (|2.2|) to the Lemaitre coordi- 
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nates are given by 



f = t + 

U = r-t, 
V = f + t, 



dr 



(3.1) 



where t is the Painleve time. The angular coordinates 9 and tp remain the same. The line element §2.2\ . 
in the new coordinates, is described by 



ds 2 = 



^- l \dV 2 + dU 2 ) + ^ + ^dVdU- 



y(U)(d9 2 + sin 2 9dp 2 ), 



(3.2) 



where 



f(U) = l-g(r), 
y(U) = R 2 (r). 



(3.3) 



The line element (|3.2[) is the Lemaitre coordinate representation of the spacetime <|l.lfl . The metric in the 
Lemaitre coordinate is no singularity at g(r) — just as in the Painleve coordinates. However, the horizon 
also manifests itself as a singularity in the expression for the semiclassical action. We can also show that 
the inverse Hawking temperature 



(1 + 77) 
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dg(r) 
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is recovered in the Lemaitre coordinate by employing the complex path technique |34| \3l 
Uo represents the root of the equation (1 — /) = g = 0. 
We can use the WKB approximation with 

(j> = ex P [-iEV + iW(U, 9, <p)]. 



(3.4) 
In Eq. (EU 

(3.5) 



The reason for using the modes with positive frequency with respect to the coordinate V is that another 



coordinate U 



is related to the space coordinate r of the original coordinates only. 



Substituting Eq. (|3.5J) and metric (|3.2J) into the Klein-Gordon equation of the scalar field with mass to, 
Eq. Q2.5JI. we have 
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where pu = d[jW(U, 9, ip), pe = dgW(U, 9, <p) and p v = d v W(U, 9, ip) are the momentum of the particle 



moving in U, 9 and ip, respectively, and M 2 (U) 
number of modes 



VlZ. Therefore, in phase space we obtain the 
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where we make use of the average of the U -direction momentum (the minus before the p^ is caused by a 
different direction). The integral in the second line is taken only over those values for which the square 
root exists. Carrying out the integrations of the pe, p v , and U, we get 
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We now introduce the Pauli-Villars regularization scheme as before. Substituting Eqs. I|2.8[) and (|3.8() into 
Eq. (|2.12[) and then taking the integration over E we have 
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Using the assumption that the scalar curvature 1Z at the horizon is much smaller than each m, and inserting 
free energy into the relation S = f3 2 ^ , we obtain the expression of the statistical- mechanical entropy in 
the Lemaitre coordinate 
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where Ay, = 47ry|y = AirR 2 (r + ) is the horizon area. 
By using Eq. Ij3.1|l . it is easy to prove 



fd 2 U 
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This shows that the result l|3.11|l for the Lemaitre coordinate is equal to entropy (|2.15|) for the Painleve 
coordinate, and the entropy (|1.2|) for the standard Schwarzschild coordinate. It is well-known that the 
wave modes obtained by using semiclassical techniques, in general, are the exact modes of the quantum 
system in the asymptotic regions. Thus, if the asymptotic structure of the spacetime is the same for the 
two coordinates, then the semiclassical wave modes associated with these two coordinate systems will be 
the same. From Eq. (|3.1(l we know that the differential relationship between the Lemaitre time V and the 
Painleve time t can be expressed as 



dV = dt + df = 2dt 



dr 



V 1 - W) 



Now let us also work along the curve dr + — g(r)dt = 0, equation (|3.13l) then becomes 

dV = dt. 



(3.13) 



(3.14) 



It is shown that the two definitions of positive frequency - with respect to V in the Lemaitre spacetime 
and with respect to t in the Painleve spacetime - do coincide. Therefore, it should not be surprised at the 
entropies driven from the modes in the Lemaitre and Painleve coordinates are the same. 



IV. SUMMARY AND DISCUSSIONS 



We have investigated the statistical-mechanical entropies arising from the quantum scalar field in the 
Painleve and Lemaitre coordinates by using the 't Hooft brick wall model and the Pauli-Villars regular- 
ization scheme. At first glance, we might have anticipated that the results are different from that of the 
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standard Schwarzschild coordinate due to two reasons: a) both the Painleve and Lemaitre spacetimes 
possess a distinguishing property: the metrics do not possess singularity at event horizon; b) it is not 
obvious that the time V in the Lemaitre spacetime tends to the time t in the Painleve spacetime. Never- 
theless, for either the Painleve or Lemaitre coordinate, the event horizon manifests itself as a singularity 
in the action function and then there could be particles production. Hence we can use the knowledge of 
the wave modes of the quantum field to calculate the statistical-mechanical entropies. By comparing our 
results (|2.15[1 and (|3.11|) . which are worked out exactly, with the well-known result (|1.2f> we find that, 
up to a subleading correction, the statistical-mechanical entropies arising from the quantum scalar field 
in both the Painleve and Lemaitre coordinates are equivalent to that in the standard Schwarzschild-likc 
coordinate. When we construct a vacuum state for the massless scalar field in the Painleve spacetime we 
take the condition dr + y/l — g(r)dt — 0, and then we find that the modes used to calculate the entropies 
in the both Painleve and Lemaitre coordinates are essentially the same as that in the Schwarzschild-likc 
coordinates since both V and t tend to the Schwarzschild time t s as r goes to infinity under this condition. 
Therefore, it should not be surprise that the entropies driven from the modes in the Lemaitre, Painleve, 
and Schwarzschild coordinates are the same. 

We should note that all the results are obtained based alone on the most general metric (|1.1H and the 

conditions g(r)\ r+ — and dg ^ \ r + 7^ (nonextreme black hole). Therefore, the results are valid not only 
for the spacetimes that we have known, such as the Schwarzschild, the Reissner-Nordstrom, the Garfinkle- 
Horowitz-Strominger dilaton [3?J , the Gibbons-Maeda dilaton [38j , the Garfinkle-Horne dilaton 39j black 
holes, and the Schwarzschild de Sitter and the Reissner-Nordstrom de-Sitter spaces, etc., but also for the 
case that the quantum field exerts back reaction to the gravitational field provided that the back reaction 
does not alter the symmetry of the spacetime. 
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